1/116

Introduction and Growth Rates

Statistics |

Statistics | — ISCAL ISCAL...


file:///home/pfagandini/repos/teaching-repos/teaching-iscal/stats1/

Course Introduction

Statistics | — ISCAL ISCAL...


file:///home/pfagandini/repos/teaching-repos/teaching-iscal/stats1/

3/116

Core Information

Instructor: Paulo Fagandini

E( pfagandini@iscal.ipl.pt

Main source for course material: Moodle@ISCAL

Official communication channel: 'e{ Institutional Emaill
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Continuous Assessment

Assessment  Weight (%) Duration Syllabus

Element

Midterm 1 60% 80 minutes Topics 1 and 2 Nov 5™
Midterm 2 40% 80 minutes Topic 3 Dec 10%

Each test has a minimum grade of 7.00 (out of 20), not 6.9, not 6.95.
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Comprehensive Exam

Students may opt, on the day of the Exam, to take an Exam worth 100%
of the grade. This Exam will cover Topics 1, 2, and 3.

If you score less than 7.00 in the Midterm, or if you cannot attend the
midterm for whatever reason, you will have to do the Comprehensive
Exam.
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Disclaimer

These slides are a free translation and adaptation from the slide deck for
Estatistica | by Prof. Sandra Custodio and Prof. Teresa Ferreira from the
Lisbon Accounting and Business School, Polytechnic University of Lisbon.
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Example: Apple Stock

Time Series of Closing Prices

Source: Yahoo Finance

Statistics | — ISCAL

Date Close

2020
2021
2022
2023
2024
2025
2026

132.69
177.57
129.93
192.53
250.42
271.86
333.02
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Example: Apple Stock

Let the close price for Apple be represented by the variable y;, SO Y5990 IS
the close price we got for 2020 (i.e. 132.69).

How much did y grow between 2020 and 20217
Ay2021 = Y2021 — Y2020 = 177.57 — 132.69

= 44.88

Or we could say

Y2021 = Y2020 T AYa021

177.57 = 132.69 + 44.88
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Example: Apple Stock

Y2021 = Y2020 + AY2021

AYs21 )
Y2020

Y2021 = Y2020 (1 -+

Y2021 = Y2020 (1 T 53021)

This, d5,;, is the growth rate of y at year 2021.
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Growth Rate

Growth Rate

Let y;, be a variable that might take different values over time. The growth rate
at t is given by ¢/, and takes a value such that:

Y = Y1 (1 + d¢)
And then

Y: — Y1
Yi—1

575:

Note: | dropped y from the notation in the formula because it is obvious that we are
talking about the variable y.
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Growth Rate

You can write the growth rate as a decimal or as a percentage. If you use
decimal notation, consider at least 4 places, if you use percentage you
use at least 2. Example: 0.0123 or 1.23%.

Interpretation: What is the percentage change for the variable y between
t—1andt.
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Example

177.57 = 132.69 + (177.57 — 132.69)

177.57 = 132.69 | 1 + 44.88
132.69

177.57 = 132.69 (1 + 0.3382)

In this case d5,,; = 0.3382 = 33.82%.

Interpretation: Between 2020 and 2021, the price for Apple increased
33.82%.

Statistics | — ISCAL ISCAL...


file:///home/pfagandini/repos/teaching-repos/teaching-iscal/stats1/

16 /116

Growth Rates

More generally

Ye+rk — Yt
Yt

Oftklt =

Or

Yerk = Yo (1 + Oppnfe)

(homework: Show step by step how you go from one to the other.)

Note: In this case 4, IS what percentage the variable changed from
t tot + k, and k is the number of periods.

Statistics | — ISCAL ISCAL...


file:///home/pfagandini/repos/teaching-repos/teaching-iscal/stats1/

17 /116

Example

We had y5q009 = 132.69, and y9904 = 250.42. We will try to find 53024|2020

e What is the value of k in this case?

k=2024 — 2020 =4

e What is the growth rate between 2020 and 20247

- 250.42 — 132.69

2024|2020 — 132.69 = (0.8873 = 88.73%

For Apple, the stock price grew 88.73% between 2020 and 2024, or

the stock price for Apple In 2Q¢d Is 88, /3% larger than in 2020. ISCAL...
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Growth Rates

Warning

You should be careful with your interpretation and use of this cumulative
growth rate, because it does not mean that y grew §” . per period

t+k|
between t and t + k.
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Growth Rates

Average Growth Rate

Let y; be a variable that might take different values over time. The average
growth rate between ¢ and ¢ + k is given by gty+k|t, and takes a value such that:

_ k
Yerk = Yt (1 T 5t+k|t)

We will use something called the geometric mean.

| dropped y from the notation in the formula because it is obvious that we are talking
about the variable y.
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Growth Rates

Let’s start with y, ... and the traditional growth rates o;:

Yer1 = Y (1 + d441)
Yero = Yer1 (1 + 0p12)
Yirs = Yer2(1 + dp13)

Can we write y;_ 5 as a function of y,?

Yero = Yer1(1+ 0p12) = ¥ (1 + 621) (1 + 0g40)

ANnd Y, 37?

Yers = Ye (L + 0p1) (1 + 0p42) (1 + dyp3)

Statistics | — ISCAL
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Growth Rates

Generalizing
Yerk = Ye (1 4+ 0pp1). o (14 Oppp—1) (1 + dppp)

When computing the average growth rate, we are trying to find & such
that if the growth rate was the same every period, it would have taken y;
to the value of y;_ ;. all the same:

Yerk = Y (1 +0)(1 +0)... (1 +9)

How many times is (1 + §) multiplied in the expression?
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Growth Rates

K
Yi+k = Yt (1 + 5)

N\ k
Yt+k _ (1 —|—5)
Yt

Yt+k Lk
N B _
( Yt ) h (1+5)
1/k
(yt+k) _1:5—
Yt

Y 1/k

= {

5t+k|t — ( i ) —1
Yt

Statistics | — ISCAL
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Example
We had

- 250.42 — 132.69

202412020 = 39765 — 0.8873 = 88.73%

But what now is the average growth rate between 2020 and 20247

Remember k = 4

§ =

1/4
250.42
o —1~0.1721 = 17.21%
132.69
Interpretation: On average, between 2020 and 2023 y grew 17.21%
every yeatr.
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Example
Note that

(14+17.21%)* = (1 + 0.1721)* ~ 1.8873 ~ 1 + 88.73%
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? Growth Rates - Question 1

A variable grows 10% in one year and then falls 10% in the next. Over the
two years together it:

A. fell 1%
B. rose 1%
C. is unchanged

D. fell 10%

A. Growth rates compound, they do not add:

(1 4+ 0.1)(1 — 0.1) = 0.99, so the variable ends 1% below where it
started.

Statistics | — ISCAL ISCAL...
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? Growth Rates - Question 2

A variable goes from 100 to 150 over 5 years. Its average growth rate is
closest to:

A. 10%
B. 8.45%
C. 50%
D. 5%

B.J = (%8)1/5 —1=1.5%"% -1~ 0.0845, that is 8.45% per year.
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“.. Growth Rates - Question 3

A firm sold 240 units in 2020 and 300 units in 2023.

Compute:

(i) the cumulative growth rate over the three years;

(1) the average annual growth rate.

Statistics | — ISCAL
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Growth Rates - Solution

(I) 52023|2020 = 3002;340 = 0.25, a cumulative 25%.

(i) Here k = 3,s0 6 = (%)1/3 —1=1.25"% — 1~ 0.0772, about 7.72% per year.

Note 7.72% per year for 3 years is not 25/3, precisely because growth compounds.
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Index Numbers:
Introduction and Simple
Index Numbers
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Motivation

Stock Prices Over Time

300

N
o
o

Stock

— NFLX
— AAPL

Closing Price

100

2018 2020 2022
Date

Which stock would you have purchased in 2016-10-03?
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Motivation

What's the important question here?

Which one grew more! For this, levels are not as relevant as their
evolution over time.

For example, say we have prices for two stocks A and B. Say we want to
hold these stocks for only one period, which one would choose to invest

your hard earned E8?

How many stocks will you be able to buy of each stock, if their prices are
a, and b;, and you have US$1000?

n. = 1900 of stock A and n;, = 199 of stock B. Note that n. and n; are
a a; b b, a b

the amount of stock you can buy of each.
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Motivation

Now is a new day gg' Prices are now a,,; and b, 1, how much is your
portfolio worth today?

1000
ay

1000
by

1. If you bought stock A: a;1n, = a;41

2. If you bought stock B: b, 11, = b;1

Note that the 1000 is fixed, so it is just what we invested, it is not going to
change anything in our decision on buying A vs B, what is really important

IS a”: and b’;)“ , that is the growth rate of prices for each stock, as
t
a b
"L =146, and T =146,
a; bt
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Motivation

You did not sell and...
Now is (another) new day g4! Prices are now a;., and b, 2, how much is your portfolio worth today?

1. If you bought stock A: a; sn, = a;. 12?0

2. If you bought stock B: by, on; = bt”“;ﬂ
t

blah, blah...

a b
2 _ 14 ga and tb_+221_|_5f+2

t+2
ai t

If we wait two days, we only care how is the price today compared to when we made the purchase. We
could make instead a plot of 1 + d;,; to see which grew more!
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Motivation

NFLX vs AAPL

—_
o

= NFLX
== AAPL

Price Evolution Compared to 03/10/2016

2018 2020 2022 2024 2026
Date

Now we have a much clear picture. We can compare their evolution
starting in 2016-10-03.

What can you read from the plot?
Statistics | — ISCAL ISCAL...
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Motivation

Note that for 2016-10-03, we would have, for A and B:

% — G =1 and 1—|—bt_bt
ay by

1+ =1

We just built and index number!

By convention though, instead of using 1 for the reference date, we will use 100 (as in 100%) for the
reference day (we will put a name to this in a few moments).

When our new series was 2, we understood that 1 + 6,,, = 2 or 6,4, = 1, i.e. the price grew 100%, or
doubled! Now, with the new notation, we would have that the new series would take the value of 200, i.e.
the price is now 200% the value it had at our initial date.
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Index Numbers

Index Number

An Index Number is a scaled variable that takes as a reference point the value an underlying variable took at a
fixed point in time. Say, for an underlying variable x; we build an index I;.

L =2 100
Lo
Where z; is the value the underlying variable takes at time ¢, and z represents the value this variable took at our

reference point. This period is called base.

Note: In this case we used time as the dimension for £ but this needs not be the case, we will see examples
later.

In our previous example, the base day would have been 2016-10-03. Note that in the base period

I, = 2% % 100 = 100
Lo
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Index Numbers

Index Numbers are defined by their underlying variable. This can change over time, or it can change
according to another dimension, like geography, or both! We will see examples.

Also, an Index Number can have a fixed base or a moving base.

Index

o~

Underlying Variable

'

Simple

'

Base

¢\

Dimension

'

Composite

Fixed

Rolling

Chronological

Geographical

Statistics | — ISCAL

37 /116

ISCAL...


file:///home/pfagandini/repos/teaching-repos/teaching-iscal/stats1/

38/116

Index Numbers

Index Numbers

e Simple and Composite are mutually exclusive
e Fixed and Moving are mutually exclusive

e Rolling always needs a chronological dimension
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Examples

Type Example

Simple Single stock price

Composite SP500 (market index), CPI

Fixed Base GDP, CPI, market index

Rolling Base Some measures of GDP, Commodities Futures
Chronological Stock price over time, CPIl, GDP

Geographical BigMac Index
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Index Numbers

Importantly, an index number is no bueno to reflect the level of a variable,
but its evolution or relative value against a base.
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Rolling Base

Statistics | — ISCAL ISCAL...


file:///home/pfagandini/repos/teaching-repos/teaching-iscal/stats1/

42 /116

Index Numbers

Index numbers allow us to easily compute the growth rate between any
two periods, just like we would do with the underlying variable.

1. Simple Index Number

Ltk T It+k
1+ 5t+k7t — T - Ty —

Statistics | — ISCAL ISCAL...


file:///home/pfagandini/repos/teaching-repos/teaching-iscal/stats1/

43/ 116

Index Numbers

2. Chain Index Number

Ltk Ltk Lirk—1 Li+1
]- —|_ 5t_|_k7t — — o o o

Lt Lttk—1 Lt+k—2 Lt

1+ 04kt = L X Tyyp—1 X - X Iy
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Index Numbers

Do not use 100 index when multiplying chain or link indices, use
the decimal notation.

Note that if the underlying variable does not change at all, you should expect
the same value, ¢, = ;.1 = ;9

Lt42

Terl 1 and It—|—2 — — ]_, and therefore

It Ltt1

In this case I; ; =
1+5t+2,t:1><]—:1

This is the correct way to do it [%4.
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Index Numbers

And if we multiplied the indices with the 100?

If instead you used the 100 to multiply:
1 + 04424 = 100 x 100 = 10000

and we get that =z grew 100 times! ()€ because we know that

Ly = T41 = €Bt+2)
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Index Numbers

We can always transform a chain index number into a fixed base index
number.

1. Chose a reference, for example for period 3.

Lt
I3

2. Remember: what you want to achieve: Vt, I/ =

Lt

3. Remember: that we have I, =

Lt-1
4. Use what we did just before:
£ Li_ £ I
I'=LI . I =—"=" "2_"t_p
Lt—1 Lt—2 L3 L3
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Suppose we want to convert this Chain Index into Fix Base index, with the
base year in 2021. This will be our 100.

Price

I chain

L2021

2021 2022 2023 2024
30 34 37 35
34 37 35
20 100 7 100 T 100
113.3 108.8 94.6
113.3 108.8 94.6
100W 113'3W 123'3W
100 113.3 123.3 116.7

Statistics | — ISCAL
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36
36
5 100
97.1

97.1
116'7W

120

2026
39

39

2% 100

108.3

108.3
120755

130
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Example

Note that, for example in 2025, we have Iy52021 = 116.7, which was

computed as 123.3 X 9147'8'. But 123.3 was the base 2021 index of the

previous period, which in turn was computed as 113.345:%, so in reality:
116.7 — 193.3 94.6 _ 1133 108.8 94.6 100 113.3 108.8 94.6
100 100 100 100 100 100

If you pay attention, you will see that we have there the product of the
chain Index in 2022, 2023, and 2024. We divided by 100 because, to
multiply, we need to divide by 100 before.
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Base Change

In case we have the data, we just need to compute the Index with the
base that we want, however, if we do not have the data, and we just have
a Fix Base index, we can do it all the same!

Say we have an index with base 0. Maybe we want to change it to base 2.

Statistics | — ISCAL ISCAL...
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Base Change

Table 1: Changing Base

Base O Base 2
period Index Formula
0 I o 0 Iy o
1 Lo o 1 L o
2 Lo z—z 2 I Z—z
3 I3 o 3 I3 o
t Lo o t L o
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Base Change

But how can we transform them, if we do not know x; V1?

Lt
zlﬂ_l/woxt :ﬂ:ﬂ
2 I
- 2(0

I, = =
t2 — —
| L9 L9 1/%0 L9

And that is how we can re-base an index without knowing the value for
the underlying variable (x;)!

Q Mixing up stuff

Previously we covered how to go from a chain index to a fixed base one.
Now we saw how to change the base of a fixed base index. With both things
together you can turn a chain index into fixed base one, with base you want!
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Example

Stock prices

2021 2022 2023 2024 2025 2026
Price 30 34 37 35 36 39
Tyja021 100 113.3 123.3 116.7 120 130
100 113.3 123.3 116.7 120.0 130.0

123.3 123.3 123.3 123.3 123.3 123.3

Ty 209 81.1 91.9 100 94.6 97.3 105.4

New information? Yes! For example, without any computation we
know that the price in 2026 was 30% larger than in 2021, and 5.4%
larger than in 2023

Statistics | — ISCAL ISCAL...


file:///home/pfagandini/repos/teaching-repos/teaching-iscal/stats1/

53/116

Does changing the base change the story?

Same prices as above. Move the slider to pick which year is the base, and watch what moves and what
does not.

Index with base 2021 Base year: 2021

130.0 ®
123.3

120.0

Growth rates
2022: 13.3%
2023: 8.8%
2024: -5.4%
2025: 2.9%
2026: 8.3%

2021 2022 2023 2024 2025 2026

These never change.
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What the chart showed

Changing the base slides the whole curve up or down: the orange 100 line stays where it is, and a
different year gets pinned to it.

But the shape is untouched, and every growth rate in the panel stays exactly the same. Re-basing
changes the yardstick, never the underlying evolution.

If two countries publish the same price series on different bases, they are not disagreeing about

inflation. Divide one index by another of the same series and the base cancels, which is precisely
the formula we just derived.
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Tests for good Simple Index Numbers

We can test the properties for Simple Index Numbers. These represent
desirable properties for good index numbers.

1. Identity test: If the variable in the current period is the same as in the
base period, the index should be 1 (or 100). Of course this implies

Iop =1

2. Proportionality test: If the variable increases by k&, the index should
Increase by k.

xy = kxry = it|0 =k
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Tests for good Simple Index Numbers

3. Time Reversal test: If you exchange the base between two periods,
then the index in one base, should be the inverse of the other:

o 1 o o 1
(/ — {/ 1 —
[0 i0[2 < joloft

4. Factor Reversal test: If we have two index numbers, one for variable x
and another for y, then if z = = x y we should have

Y

— AL
— ¢ £[0

fo X 1

> Z
Y0
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Tests for good Simple Index Numbers

5. Circularity test: The index at £ base 0 should be the product of all the
link index numbers up to ¢,

140 = Tge—1 X Yp—1f¢—2- - - 12]1 X 21)0

This formalizes the relationship between fixed base and chain index
numbers.

6. Homogeneity test: If the variable, for every t is multiplied by a
constant, the index should not be affected.
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Tests for good Simple Index Numbers

/. Well-definedness: The index number must be meaningful, and as
prices and gquantities usually are larger than zero, index numbers must
be positive. Even further, a good index number should not take the
value of oo.

Ask yourself, what information are you getting here?

A value of 0 might also be problematic, although it is not totally
meaningless. The problem arises when you want to deal with chain index
numbers, where a 0 would indeterminate the rest of the chain. Also, you

could never use as a base period, a period where the variable took the
value of 0.
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? Simple Index Numbers - Question 1

A simple price index with base 2020 reads 125 in 2024. This tells you that
the price:

A. rose 125%

B. rose 25%

C. Is 125 euros

D. nothing, without the base price

B. The index is == x 100. A reading of 125 means j—é = 1.25, so the

0
price is 25% above the base.
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? Simple Index Numbers - Question 2
To turn a chain (link) index into a fixed base index you:
A. multiply them, in decimal notation
B. add the link indices
C. average them

D. subtract 100 from each

A. Link indices multiply, and you must divide by 100 first, otherwise
each extra factor of 100 inflates the answer.
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“.. Simple Index Numbers - Question 3

The price of a good was 30 in year 1, 34 in year 2 and 37 in year 3.

Compute the fixed base index with base year 1 for all three years, and the
link index for year 3.
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Simple Index Numbers - Solution

Fixed base year 1: Ijj; = 100, Ly = 35 x 100 = 113.3, I5;; = 3T x 100 = 123.3.

Link index for year 3: i3, = 2= x 100 = 108.8.

Check: 100 x 111363 X 1?368 ~ 123.3 [%4 (chain the link indices in decimal, never on the 100 scale)
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Index Numbers: Composite
Index Numbers
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Composite Index Numbers

Composite Index Numbers (a.k.a. Aggregate Index Numbers)

Composite Index Numbers are index numbers that have more than a single
underlying variable, or which underlying variable is computed itself as a
combination of other variables.

A composite index tracks the combined evolution of multiple phenomena at the
same time. It summarizes how a diverse group of elements changes over time.

Example: The performance of a class, measured by the average grade. The
average Is computed with each individual grade, and therefore if we make an
iIndex based on the average of the class, we would have a composite index
number.
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This Is a great opportunity to introduce another classification for our index

numbers:

Price P

Index

Quantity O

Statistics | — ISCAL
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Composite Index Numbers

Typically, values are collected in nominal terms, i.e. current prices, which
IS a value.

Uy = Pt X Q¢

Note that, if 97 ; Is the growth rate of v;:

ver1 =0 (1 + 5;tv+1)

and obviously, it is also true that:

V11 = Pt+1 X Qi1
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Composite Index Numbers

But if we let 5f+1 be the growth rate of prices, and §?

quantltles we can rewrite Vsy1 AS.

;.1 the growth rate of

Vi+1 = Pt (1 + 5t+1) dt (1 T 5t+1)
Vi1 — Pt(]t(l + 5t+1)(1 + 5t+1)
Vi1 = ’Ut(l + 5t+1)(1 + 5t+1)

ve(1+6f,1) = v (14 0¢,) (1 + 6, )
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Composite Index Numbers
(1+ 5;50+1) = (1+ 5f+1)(1 + 5g+1)

67 is what we call nominal change rate, while §; is what we call real
change rate. We can find out the real change rate (09), if we know the
nominal change rate (0"), and the prices change rate (67):

o (1+47)
(1+46)) = 1+ oh)
,  (1+47) B

% = (1 + &%)
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Composite Index Numbers

Suppose we have index numbers for v, q, and p, all with base b
(remember you can re-base your index numbers easily if they do not

share the same base).

Iq B t|b
t|b Ip
t|b
Yt
b _ v
dp Pe
Dy
o

ﬁ PGy _ Ptd: Db

w P p@y D @

Dy
Statistics | — ISCAL
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Example

2022 2023 2024 2025 2026
Sales Index 99 100 107 110 111
Price Index 95 100 102 106 109

Let’s find the quantities index, with base 2023. Immediately we can fix
ig‘b = 100.

15495 99
Ly = 5 = o = 1.04

p
12022

Multiplying by 100, L},, = 104, so quantities decreased from 2022 to
2023!
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Example

2022 2023 2024 2025 2026

Quantities 104.21 100 104.9 103.77 101.83
Index

Now we can compute what was the real change rate between 2025 and
2026:

102
Ja026 = —— — 1 = —0.0187 = —1.87
2026 104 70

Real sales decreased 1.87% from 2025 to 2026.
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Example

Let's check:

1+ 6% 111/110
L5 = S NP e
(1 + 6596 109,/106

59 s = —0.0187 = —1.87%
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Baskets

Basket =
Basket are sets of goods, which are used to track the evolution of, for example,
a price level.

In economics, we often use price and guantity index numbers to measure how
the prices or guantities of a set of goods (a basket) change over time.

A very important question: What are the weights that the different
goods should have in the basket?
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Aggregate Index Numbers

From the family of formulas to create weighted composite index numbers,
we will focus on the two most common:

1. Laspeyres: uses base-period quantities (prices) as weights.

2. Paasche: uses current-period guantities (prices) as weights.

These are used to measure the evolution of prices (quantities).
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Kids’ Explanation

Old basket (2= ,45:): New basket (%= ;,44y):
o @ 10 apples o @ 8 apples

e @ 5 oranges o @ 6 oranges

Old prices (* past): New prices (“ today):
) Zjd"::: ® 1)"'::: 1 :2

Let’s consider that the base year is past.
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Kids’ Explanation - Prices

Laspeyres - Price:

Use always &=, ;, but relevant I Laspeyres Price Index (LPI):

10x1+5x08 14
10x1+5x0.8 14

(e @ _
SF past | " past LP Ipast —

ot Q 10x1.2+5x11 175
@past‘ ' today LPItoday — 10x1+5x0.8 — W = 1.25

Remember that 1 corresponds to 100, and 1.25 corresponds to 125.
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Kids’ Explanation - Prices

Paasche - Price:

Use always &= ,,4,,! Paasche Price Index (PPI):

. aQ 8x1+4+6x0.8 12.8
%today‘ U past PPIpast — — =1

8xX1+6x0.8 12.8

0eg 8x12+4+6x11 16.2
@today’%today PPItoday — Sx116x0.8 — ?8 = 1.27

Remember that 1 corresponds to 100, and 1.27 corresponds to 127.
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In general - Laspeyres

1. For prices, how much the old basket would cost at current prices relative to the old basket and prices?

k k
Z;cnzl Db:qy

LP] = =510
> k1 P04y

2. For quantities, how much the current basket would cost at the old prices, relative to the old basket and
prices?
kk
D k1 Pod;
m_k k
> k1 Pod0

LOI =

Note: denominator is the same.
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In general - Paasche

1. For prices, how much more expensive is the current basket at current prices, relative to the original
prices.

k k

227;1 P q;
m  k k
Zkz:l Py4q;

PPI =

2. For quantities, how much more the current basket costs, relative to what would cost the original basket
at current prices.

ZZL Pf qf
k k
> ko1 Pidg

PQI =

Note: numerator is the same.
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Conclusions

1. In both index numbers, for prices, quantities are constant: All variation
comes from prices.

2. In both index numbers, for quantities, prices are constant: All variation
comes from quantities.

We tend to use much more often Laspeyres because quantities take
much longer to be accurately collected than prices. Ergo, national
statistics institutes usually use Laspeyres price index to measure the
price evolution.
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Do the two indices agree?

Two goods, both costing 1 at the base period, both bought 10 times. Now good 1 gets more expensive,
and people react by buying less of it.

Left slider: how much more expensive good 1 becomes. Right slider: how strongly people substitute
away from it.

Price index (base = 100) Price of good 1: 2.00x
—

Substitution: 0.50
—

150.0 143.5

137.3 Basket
good 1:10 - 7.1

100 good 2: 10 - 11.9

Laspeyres Fisher Paasche
GapL-P=12.7
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What the chart showed

With no substitution the two indices are identical: the basket never changed, so it does not matter
whose basket you weight with.

As substitution grows, Laspeyres stays put (it always weights with the old basket, which still contains a

lot of the good that got dearer) while Paasche falls (it weights with the new basket, which has already
moved away from that good).

So Laspeyres tends to overstate the rise in the cost of living, and Paasche tends to understate it.
The truth is somewhere in between, which is exactly the gap the next index tries to close.
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Fisher Index

Some authors argue, however, that the true measure for cost of life is in
between both metrics. This is captured by the Fisher Index:

FPI = \/LPIt‘O x PP

FQI, = \/LQIt|0 X PQILy
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Example: the data

A basket of 15 goods, observed in 2024, 2025 and 2026. Each cell is what
the basket costs with the row year’s prices and the column year’s

" 15
quantities, >, ; Prow 4~ .
d2024 d2025 d2026
Pogoa 8962 9210 9920
P2025 9150 0584
Pogg 9657 10013

10013
9920

P Pl5g96)2024 = 100 X
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Example: LPI, PPl and FPI

What are the three indices if we choose 2024 as the base year?

t 2024 2025 2026
LPILy 100 106.9 112.8
PPy 100 104.1 100.9
FPIg 100 105.5 106.7

FPI2025’2024 — \/1069 x 104.1
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7 Composite Index Numbers - Question 1

The Laspeyres price index weights prices using quantities from:
A. the current period

B. the base period

C. the average of both

D. neither, it uses no quantities

Zk Pfq(]f
Ek p’éq{f

B. Laspeyres fixes the base period basket, LPI;, =

Paasche is the one that uses current quantities.
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? Composite Index Numbers - Question 2
The Fisher index is:
A. the arithmetic mean of Laspeyres and Paasche

B. the geometric mean of Laspeyres and Paasche

C. always between 100 and 200

D. always equal to Laspeyres

B. FPI,, = \/LPItm x PPIy.
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“.. Composite Index Numbers - Question 3
For a basket you computed LPI;, = 110 and PPI, = 104.

Compute Fisher’s price index, and explain why it must always fall
between the other two.
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Composite Index Numbers - Solution

FPIL, = +/110 x 104 = /11440 ~ 106.96

Fisher is the geometric mean of the other two, and the geometric mean of two positive numbers always
lies between them. So whenever LPI = PPI, Fisher sits strictly in between, here between 104 and 110.
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Inflation
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Consumer Price Index

To measure inflation, we use a Laspeyres Price Index, usually known as
CPI (Consumer Price Index).

To do that, the National Institute of Statistics (or the equivalent national
statistical office) defines a basket, which contains a certain mix of goods
and services, that is to be representative of the consumption behavior of
the population.

In Portugal KB, the index has base in 2016, and, as stated above, follows
a LPI formulation with small technical adjustments. This index has a
monthly frequency, i.e. it is computed every month.
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Consumer Price Index

To create a price index, you need to follow at least 3 steps.

o [ ]

1. Determine representative basket: Survey families 83 &8 &

9)e

2. Survey retail stores to find out sale prices. 5
3. Compute the index with the collected data. ~/
1. Compute the cost of the &= with the prices at the base period.

2. Compute the cost of the same == with the prices of every successive

period.
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Application

A Labor union leader is complaining that the average salary in 2022 was
1500, and in 2025 it is 1650. This increase, they say, is not enough to
maintain the workers’ purchasing power, because of inflation. The data for
inflation is the following:

Year 2022 2023 2024 2025

CPI 113 119 122.2 124.8

1. The year with the largest increase in prices was 20247

2. The average growth rate for the wages between 2022 and 2025 was
?

3. Is the union leader right?

94 /116
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Application

For the first question, we can compute the chain or link index:

Year 2022 2023 2024 2025

CPI 113 119 122.2 124.8

CPljyc —  105.3 102.7 102.1

So the answer is: The year with the largest price increase was 2023.

Just in case there were doubts, an example:

122.2

CPIlink|2O24 - x 100 = 102.7
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Application

We know salary in 2022 was 1500, and in 2025 1650. If the growth rate
was constant, say J,, we would have:

1650 = 1500(1 + J,,)°

Or conversely

1650

27 (144,
1500 (L)

or
(L)Y =144,

1.0323-1=6, = &,=0.0323 = 3.23%
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Summarizing

Remember this relationship we saw before?

K
g _ "t
tlb ~ 7p

It!b

Real equals nominal over CPI.

This, dividing by CPI a nominal quantity, is known as to deflate by the
CPI.
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About the Test for Factor Reversal for Composite
Index Numbers

Note that neither Laspeyres nor Paasche pass the test for factor reversal
(see here),

VIt’() # LPIt’() X LQIt\O VIt[O # PPIt’() X PQIt\O
But we can verify that:

LPILyy x PQLyj = IVy PPIjy x LQILjy = IV
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About the Test for Factor Reversal for Composite
Index Numbers

(... continuation)

Example (do the rest as homework):

k  k
2ok Prdy Dokoa Pidy _ Dpea PYYy
Dhe1 POds 21 PEGY Dokt Podo

Note that this last item is exactly IV

LPIt|0 X PQIt|O —

You can verify, using the same procedure, that Fisher’s index does indeed
pass the factor reversal test.
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About the Factor Reversal Test for Composite
Index Numbers

FPIt‘O X FQIt’() —

\/LPIt‘O X PPIth X \/LQItm X PQItyo

\/LPItm x PPILjy x LQILj x PQI

\/LPIt‘O x PQIy x LQIL, x PP

\/Ivﬂo x Vi = \/Iv;ﬁo = IVyo
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About the Time Reversal Test for Composite
Index Numbers

Laspeyres and Paasche do not pass the time Reversal test, let’s see an
example:

> Pial S peay
> peal Yol paf

You can do the same for Paasche, and for the quantities index numbers.

LPIy x LPIy; = £ 1
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About the Time Reversal Test for Composite

Index Numbers

Fisher on the other hand...

FPIj, x FPIy, = \/LPIt|OPPIt|O \/LPIO‘tPPImt

k k
D ohe1 Pray Yo, pgk

EZL plgqf ZZL p’gq(’)“

\ 2 phas i ot

S prar Yo prad

ko k ko k k k
Z?:l P: 4y 2?21 Pqu ZZLl Py4; Z?:l Pp4y

k .k k .k k .k
\ DY 117 S 117 K SN s el S A
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About the Time Reversal Test for Composite
Index Numbers

Fisher on the other hand...

FPIj, x FPIy, = \/LPIt|OPPIt|O \/LPIO‘tPPImt

>he1 P90 Sk PEAY | 2k Pody k1 Podo
\ 2Kl poab Xl phar \| Xkl pra il pias

k k k k k k

ZZ; P4 227;1 Pfo 2221 Py4; Z?:l Po4
k k k k k k

\ 271?21 plgqg 211?21 Po4; 22";1 P 4, 22”21 P4

FPIy x FPly, =1
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About the Circularity Test for Composite Index
Numbers

None, not even Fisher’s Index, passes the circularity test.

Homework: Verify it.
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Example

Public Year 1
Transportation
Trips Price per Price Index (Base:
trip year 1)
Bus 1,763,521 1.15 1,875,345 108.70
Metro 3,148,350 1.2 3,396,138 112.50
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Example
1. According to LPI for year 2, prices for public transportation grew
11.17%.

2. Real change, according to Paasche, for public transportation was
7.35%.

3. The composite index for change in expenditures with public
transportation in year 2 compared the expenditure in year 1 is what type
of change? (real, nominal, quantity, prices?) How much was it?
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Example

According to LPI for year 2, prices for public transportation grew
11.17%.

First, we need to find p, for bus and metro.

pbus
108.7 = 2 % 100
1.15

Or p%us = 1.25

metro

112.5 =

Or pyetro = 1.35
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Example

Year 1 Year 2

Public Transportation N Trips Ticket price

Bus 1,763,521 1.15

Metro 3,148,350 1.2
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Example

ko k
Z?:l P24,
ZZL plqu

1,763,521 x 1.25 + 3,148, 350 x 1.35
1,763,521 x 1.15 + 3,148,350 x 1.2

LP_[2|1 —

LPIg‘l —

The basket in year 2 is 11.17% more expensive than in year 1.

LPLy x 100 — 100 = 11.17%
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Example

Real change, according to Paasche, for public transportation was 7.35%.
D i1 P55

k Kk
D ko1 P4,

1,875,345 x 1.25 + 3,396,138 x 1.35
1,763,521 x 1.25 + 3,148,350 x 1.35

PQIL; =

PQIL;, =

PQIy; = 1.0735

Indeed, according to the Paasche index, in year 2 the amount of public transportation trips was
7.35% larger than in year 1.

PQI; x 100 — 100 = 7.35%
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Example

The composite index for change in expenditures with public
transportation in year 2 compared the expenditure in year 1 is what
type of change? (real, nominal, quantity, prices?) How much was it?

The value index for public transportation is a nominal index (price times
guantity).

Remember:

VIt|0 — LPIt|0 X PQIt|0
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Example

The value of public transportation trips grew 19.34% from year 1 to year
2. This includes the effect of an increase in prices and quantities.
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? Inflation - Question 1
The Consumer Price Index is constructed as a:
A. Paasche quantity index

B. simple index number

C. Fisher index
D. Laspeyres price index

D. The basket is fixed at a base period, which is exactly a Laspeyres
price index (with small technical adjustments).
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? Inflation - Question 2

Your nominal wage rises 10% while the CPI rises 12%. Your purchasing
power:

A. rose about 10%
B. did not change
C. rose 2%

D. fell about 1.8%

D. Real change = 13 — 1 ~ —0.0179, a fall of about 1.8%. Prices

grew faster than the wage.
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“. Inflation - Question 3

A worker earned 1500 three years ago and earns 1650 today. Over the
same period the CPI went from 100 to 112.

Did the worker gain or lose purchasing power, and by how much?
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Inflation - Solution

Nominal wage growth: 1200 — 1 = 0.10, that is 10%. Price growth: 122 — 1 = 0.12, that is 12%.

_t+or L0 50179

09 = =
14 0P 1.12

The worker lost about 1.8% of purchasing power: the wage grew, but prices grew faster.
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